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THE PHASE REPRESENTATION OF COVARIANT
PHASE OBSERVABLES
JUHA-PEKKA PELLONPA¨A¨
Abstract. Covariant phase observables are obtained by defining
simple conditions for mappings from the set of phase wave func-
tions (unit vectors of the Hardy space) to the set of phase proba-
bility densities. The existence of phase probability density for any
phase wave function, the existence of interference effects, and the
natural phase shift covariance are those simple conditions. The
nonlocalizability of covariant phase observables is proved.
PACS numbers: 42.50.Dv, 03.65.w
Keywords: phase observable, phase shift covariance, phase measure-
ment, Hardy space
Let us start with some necessary conditions of phase measurements.
From a phase measurement one gets phase statistics, that is, a prob-
ability density f defined on the phase interval, say, [0, 2pi). Thus,
(2pi)−1
∫ 2pi
0
f(θ)dθ = 1, f(θ) ≥ 0, θ ∈ [0, 2pi), and f can be expanded
periodically to the whole real line. The probability for phase to be in
the phase window X ⊆ [0, 2pi) is (2pi)−1
∫
X
f(θ)dθ.
In quantum theory, one associates a Hilbert space to the physical sys-
tem under consideration. In the case of a single mode optical field, it is
convenient to choose the number space HN spanned by number states
(|n〉)n∈N to describe the system. The number space is isomorphic to
the Hardy class H2 on the unit disc via the mapping |n〉 7→ e−inθ.
Hence, an element ψ of H2 can be represented as a Fourier series
ψ(θ) =
∑∞
n=0 dne
−inθ where
∑∞
n=0 |dn|
2 < ∞. The Hardy class H2 is
a subspace of L2([0, 2pi)), the L2([0, 2pi))-space consisting of all square
integrable functions [0, 2pi) → C with Fourier-series
∑∞
n=−∞ dne
−inθ
where
∑∞
n=−∞ |dn|
2 <∞.
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The number operator N =
∑∞
n=0 n |n〉 〈n| is isomorphic to the de-
rivative operator i∂θ in H
2, and the phase shifter eiαN operates as
ψ(θ) 7→ ψ(θ − α) in H2. It is natural to say that H2 is a phase rep-
resentation space for the single mode system, and we call (normalized)
elements of H2 as phase wave functions.
Suppose that the single mode system is prepared in a (vector) state
ψ ∈ H2, ‖ψ‖ = 1, and we make phase measurements and get a phase
probability density f . The canonical distribution is f(θ) = |ψ(θ)|2 and
the trivial (random) distribution is f(θ) = 1. Next we state general
conditions for phase measurements.
1. Existence of probability densities. For any phase wave func-
tion ψ ∈ H2 there exists a phase probability density fψ,ψ :
[0, 2pi)→ [0,∞].
2. Existence of interference effects. For any two phase wave
functions ψ, ϕ ∈ H2 there exist complex valued functions fψ,ϕ
and fϕ,ψ defined on [0, 2pi) such that
fc1ψ+c2ϕ,c1ψ+c2ϕ(θ) = |c1|
2fψ,ψ(θ)+|c2|
2fϕ,ϕ(θ)+c1c2fψ,ϕ(θ)+c1c2fϕ,ψ(θ)
for all c1, c2 ∈ C such that ‖c1ψ + c2ϕ‖ = 1.
3. Phase shift covariance. If one shifts the phase of a phase wave
function ψ, that is, ψ(θ) 7→ ψα(θ) := ψ(θ + α), then the proba-
bility density fψ,ψ should only move without deforming its shape.
Hence,
fψα,ψα(θ) = fψ,ψ(θ + α)
for all θ, α ∈ R.
Anticipating the below results, we say that the mapping (ψ, ϕ) 7→ fψ,ϕ,
which satisfies Conditions 1, 2, and 3, is a phase observable. It follows
from Condition 2 that any phase observable has a unique sesquilinear
extension to H2 × H2. From Condition 1 one sees that this mapping
is bounded (in the L1-norm). Thus, from Proposition 2 of [1] one gets
fψ,ϕ =
∞∑
n,m=0
fηn,ηmanbm
where ηn(θ) := e
−inθ, ψ(θ) =
∑∞
n=0 ane
−inθ, and ϕ(θ) =
∑∞
n=0 bne
−inθ.
Since
ηαn(θ) := ηn(θ + α) = e
−inαηn(θ)
and due to the sesquilinearity
fηα
n
,ηα
m
= ei(n−m)αfηn,ηm
it follows from Condition 3 that
fηn,ηm(α) = fηαn ,ηαm(0) = e
i(n−m)αcn,m
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where cn,m := fηn,ηm(0). In order that θ 7→ fϕ,ϕ(θ) is positive and
normalized, it is necessary that (cn,m) is positive semidefinite matrix
with diagonals equal one, that is, (cn,m) is a phase matrix [2]. Hence,
we can write (see Section 8 of [1]) that
fψ,ϕ(θ) =
∞∑
n,m=0
cn,me
i(n−m)θanbm
and
1
2pi
∫
X
fψ,ϕ(θ)dθ =
∞∑
n,m=0
cn,m
1
2pi
∫
X
ei(n−m)θdθ anbm
for all (Borel) sets X ⊆ [0, 2pi).
For the canonical distribution, fψ,ϕ(θ) = ψ(θ)ϕ(θ), cn,m = 1 for all
n, m, and for the trivial distribution fψ,ϕ(θ) = (2pi)
−1
∫ 2pi
0
ψ(θ)ϕ(θ)dθ,
cn,m = δn,m (Kronecker’s delta). Note that the mapping (ψ, ϕ) 7→ fψ,ϕ
can be extended to the linear mapping from the set of trace-class opera-
tors onH2 to the set of integrable functions L1([0, 2pi)) (see Proposition
2 of [1]). Especially, for any state (i.e., a positive trace-one operator)
one gets a probability density function and, thus, a probability measure.
A mapping from the set of states to the set of probability measures (on
the outcome space of a measurement) defines a unique normalized pos-
itive operator measure (POM) [3] and, thus, it is reasonable to call the
mapping (ψ, ϕ) 7→ fψ,ϕ an observable.
A phase matrix (cn,m) defines a unique POM, a (covariant) phase
observable [4, 5]
E(X) =
∞∑
n,m=0
cn,m
1
2pi
∫
X
ei(n−m)θdθ |n〉 〈m|
for all (Borel) sets X ⊆ [0, 2pi). Thus, using a unitary mapping U :
HN → H
2, |n〉 7→ U(|n〉) := ηn,
1
2pi
∫
X
fψ,ϕ(θ)dθ = 〈ψ|UE(X)U
∗ϕ〉, ψ, ϕ ∈ H2,
which shows that we can understand a phase observable as a phase shift
covariant POM E, or a mapping (ψ, ϕ) 7→ fψ,ϕ satisfying conditions 1,
2, and 3.
Theorem 2 of [1] states that
E(X) =
∞∑
n=0
Vn
1
2pi
∫
X
|θ)(θ|dθ V ∗n
where |θ) :=
∑∞
n=0 e
inθ |n〉 is the London phase state, and Vn =∑∞
k=0 zn,k |k〉 〈k| are bounded operators for which
∑∞
n=0 |zn,k|
2 = 1 for
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all k ∈ N. The mapping X 7→ (2pi)−1
∫
X
|θ)(θ|dθ is the canonical phase
observable [4, 2]. Note that ‖Vn‖ ≤ 1 and thus ‖Vnψ‖ ≤ ‖ψ‖. In the
case of the canonical phase, V0 = I and Vn = O, n ≥ 1, whereas in the
case of the trivial phase, Vn = |n〉 〈n| for all n. The canonical phase is
(up to unitary equivalence) the only phase observable which is detem-
ined by only one phase state Vn|θ). Defining contractions vn := UV
∗
nU
∗
we may write
1
2pi
∫
X
fψ,ϕ(θ)dθ =
∞∑
n=0
1
2pi
∫
X
vnψ(θ)vnϕ(θ)dθ, ψ, ϕ ∈ H
2.
For any s ∈ N we may define a continuous function (x, y) 7→
Cs(x, y) :=
∑s
n,m=0 e
−inxcn,me
imy. Thus, one gets
1
2pi
∫
X
fϕ,ψ(θ)dθ = lim
s→∞
1
2pi
∫
X
[
1
2pi
∫ 2pi
0
1
2pi
∫ 2pi
0
ϕ(x)Cs(x− θ, y − θ)ψ(y)dxdy
]
dθ.
In the case of the canonical phase we may formally write that
lim
s→∞
Cs(x, y)→ 2piδ2pi(x) 2piδ2pi(y)
where δ2pi is the 2pi-periodic Dirac delta function
1. In the case of the
trivial phase
lim
s→∞
Cs(x, y)→ 2piδ2pi(x− y).
Hence, the canonical phase has the sharpest kernel lims→∞Cs and the
trivial phase kernel loses all phase information of states. Note also
that Cs(0, 0) ≤ (s + 1)
2 and only in the case of the canonical phase
Cs(0, 0) = (s+ 1)
2 for all s.
Theorem 1. Let (ψ, ϕ) 7→ fψ,ϕ be a phase observable. For any (Borel)
X ⊆ [0, 2pi) for which
∫
X
dθ < 2pi,
1
2pi
∫
X
fψ,ψ(θ)dθ < 1
for all unit vectors ψ ∈ H2.
Proof. Let ψ ∈ H2 be a unit vector. It follows from The-
orem 3 of [1] that (2pi)−1
∫
X
fψ,ψ(θ)dθ = 〈U
∗ψ|E(X)U∗ψ〉 =
(2pi)−1
∫
X
(θ|Φ (|U∗ψ〉 〈U∗ψ|) |θ)dθ where Φ is a covariant trace-
preserving operation. Since Φ (|U∗ψ〉 〈U∗ψ|) =
∑∞
k=0 λk|ϕk〉〈ϕk|,
λk ∈ [0, 1], ϕk ∈ HN , ‖ϕk‖ = 1, k ∈ N,
∑∞
k=0 λk = 1, we get
1 Note that formally δ2pi(x) = (2pi)
−1
∑
∞
n=−∞
einx operating in a suitable subset
of L2([0, 2pi)) as an integral (f 7→ lims→∞
∫
2pi
0
f(x)(2pi)−1
∑
s
n=−s
einxdx = f(0)).
If we restrict the mapping f 7→ f(0) to the subset of H2 then formally writing
δ2pi(x) = (2pi)
−1
∑
∞
n=0
einx.
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(2pi)−1
∫
X
fψ,ψ(θ)dθ =
∑∞
k=0 λk(2pi)
−1
∫
X
|(θ|ϕk〉|
2dθ. From Proposi-
tion 8 of [6] it follows that (2pi)−1
∫
X
|(θ|ϕk〉|
2dθ < 1 for any (Borel)
X ⊆ [0, 2pi) for which
∫
X
dθ < 2pi and this completes the proof.
Theorem 1 shows that we cannot find a phase wave function which is
localized in some phase window X (essentially) other than [0, 2pi), that
is, a phase observable cannot be localized. Also this shows that any
phase observable E and the number N are probabilistically comple-
mentary [6].
Remark 1. The first moment operator
A :=
1
2pi
∫ 2pi
0
θ|θ)(θ|dθ = piI +
∞∑
n 6=m=0
i
m− n
|n〉 〈m|
of the canonical phase observable
X 7→
1
2pi
∫
X
|θ)(θ|dθ =
∞∑
n,m=0
1
2pi
∫
X
ei(n−m)θdθ |n〉 〈m|
acts on the Hardy class H2 as
ψ 7→ PQψ
where (Qψ)(θ) = θψ(θ) and P is projection from L2([0, 2pi)) to H2.
Thus, A is the Toeplitz phase operator suggested by Garrison and
Wong [7] and also Galindo [8] and Mlak [9]. The canonical phase is
(essentially) the only phase observable which has a covariant projection
valued dilatation to L2([0, 2pi)) [10]. The dilatation is the spectral
measure X 7→ χX of the multiplication operator Q.
Acknowledgments. The author thanks Dr. Pekka J. Lahti for many
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